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Abstract
Explicit relation between Laughlin state of the quantum Hall effect and one-
dimensional(1D) model with long-ranged interaction (1/r2) is discussed. By
rewriting lowest Landau level wave functions in terms of 1D representa-
tion, Laughlin state can be written as a deformation of the ground state
of Calogero-Sutherland model. Corresponding to Laughlin state on different
geometries, different types of 1D 1/r2 interaction models are derived.
1 Introduction
Recent studies of one-dimensional (1D) integrable models with 1/r2 interac-
tion [1] [2] show that the model has a close similarity to the quantum Hall
effect (QHE) [3]. In both models, the ground state is given by the Jastrow
form and the excited states are constructed by multiplying polynomials to
the ground state. Besides wave functions, some properties common in both
models have been discussed. It is pointed out that the excited states of
Haldane-Shastry model (spin model with 1/r2 interaction) have fractional
statistics as the quasi-particle excitation in QHE [4]. Hierarchy extension
of 1D model is also studied by Kawakami [5]. He constructed a generalized
1D 1/r2 model with the same hierarchy as the QHE and showed that the
matrix classifying the excitation is the same as the topological order matrix
introduced in the QHE. And the same algebraic structure (W1+∞ algebra)
has been studied in both models to characterize their universal structure [6]
[7]. In spite of these similarities, it has not yet been clarified if there is any
explicit relation between them.
In this paper, we show that there is indeed an explicit relationship be-
tween these two different models. If two-dimensional electrons in strong
magnetic field are constrained in the lowest Landau level, two of four phase
space degrees of freedom are frozen and effective degrees are reduced. Hence,
wave functions in the lowest Landau level can be represented in 1D form.
This makes it possible to relate 2D QHE with 1D 1/r2 model. In this 1D
representation, Laughlin states of FQHE on different geometries are shown
to correspond to different 1D models with 1/r2 interaction. Laughlin state
on disk is shown to be rewritten as a one-parameter deformation of the
ground state of Calogero model (1D integrable model with 1/r2 interaction
in harmonic potential). The deformation parameter is the magnetic field
B. The Laughlin wave function on cylinder is rewritten as a deformation
of the ground state of Sutherland model (periodic 1D model with 1/ sin(r)2
interaction without harmonic potential).
By these correspondences, it is shown that both models have many com-
mon properties. Excitations in 1D 1/r2 model corresponding to quasi-holes
(particles) in QHE must have fractional charge and statistics. Moreover,
the same algebraic structure (W1+∞ algebra) will characterize their universal
structure.
1
2 Kinematics
For a planar electron in a magnetic field normal to plane Hamiltonian is given
by
H0 =
∑
i=1,2
(Πi)
2
2m
, Πi = pi −Ai, i = 1, 2. (1)
Here we set c = h¯ = e = 1 and assume that the constant magnetic field is in
the negative z direction. By defining an annihilation operator
a = (Πx − iΠy)/
√
2B, [a, a†] = 1, (2)
H0 is written as H0 = ωc(a
†a + 1/2), ωc = B/m. Heisenberg equation of
motion
pix = i[H0, pix] = −ωcpiy, piy = i[H0, piy] = ωcpix (3)
show that (pix, piy) rotate with frequency ωc and therefore represent cyclotron
motion in a magnetic field. Spectrum of H0 is quantized as Landau levels.
States in the lowest Landau level (LLL) satisfy the LLL condition aφ0 = 0
and a† creates states in higher Landau levels. The guiding center coordinates
of the cyclotron motion are defined by
X = x− Πy
B
, Y = y +
Πx
B
, [X, Y ] =
i
B
. (4)
They commute with a and a† and therefore with H0. These coordinates de-
scribe degeneracy in each Landau level. These four variables (Πx,Πy, X, Y )
are more convenient phase space variables than (px, py, x, y) in a constant
magnetic field.
In a strong magnetic field, all electrons are confined in LLL whose one-
particle wave functions satisfy the LLL constraint aφ = 0. If we constrain the
Hilbert space onto the LLL, two of four phase space variables, (Πx,Πy) are
frozen and remaining degrees of freedom are the guiding center coordinates
(X, Y ). Therefore, effective degrees of freedom in the LLL are reduced to
the half of the total degrees of freedom and the two-dimensional (X, Y )-
coordinate space can be seen as a phase space of 1D system [8]. That is, when
X is diagonalized X|s〉 = s|s〉, Y is interpreted as its dual momentum Y =
2
ps/B. |s〉, eigenstate of X , is uniquely determined with the LLL condition
and forms a complete basis in the LLL;∫
|s〉〈s|ds = 1. (5)
Since any LLL wave function can be written in terms of |s〉, wave functions
and Hamiltonian in LLL can be interpreted as those of 1D system whose
coordinate is s. In the following, we study s-representation ( or 1D represen-
tation) of LLL wave functions.
3 1D representation of disk Laughlin state
First let’s consider 1D representation of one-particle LLL wave function in
symmetric gauge; A = (By/2,−Bx/2). In this gauge, the annihilation op-
erator a is given by a = −i(∂z + z¯/2) where z =
√
B/2(x+ iy) and the LLL
wave functions are written as 〈zz¯|Ψ〉 = Ψ(z¯)e−|z|2/2. Normalized eigenfunc-
tion |s〉 of the guiding center coordinate X = i∂y/B+x/2 in the LLL is given
by
1√
2pi
〈zz¯|s〉 =
(
B
pi
)1/4
e−Bs
2/2e
√
2Bsz¯−z¯2/2e−|z|
2/2. (6)
From equation (6), 1D representation of LLL wave function 〈zz¯|Ψ〉 = Ψ(z¯)e−|z|2/2
is given by
〈s|Ψ〉 =
∫
〈s|zz¯〉〈zz¯|Ψ〉d
2z
pi
=
1√
2pi
(
B
pi
)1/4 ∫
e−Bs
2/2e
√
2Bsz−z2/2e−|z|
2
Ψ(z¯)
d2z
pi
=
1√
2pi
(
B
pi
)1/4
e−Bs
2/2e−
1
4B (
∂
∂s)
2
∫
e
√
2Bsz−|z|2Ψ(z¯)
d2z
pi
=
1√
2pi
(
B
pi
)1/4
e−Bs
2/2e−
1
4B (
∂
∂s)
2
Ψ(
√
2Bs). (7)
In the last equality, we used the coherent state identity∫
eαz−|z|
2
Ψ(z¯)
d2z
pi
= Ψ(α). (8)
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Using 1D representation of LLL wave functions, dynamics in LLL can be
interpreted as dynamics of 1D system.
Now we generalize (7) to many-particles case. N-particles wave functions
in the LLL are generally written as
〈z1z¯1 · · · zN z¯N |Ψ〉 = Ψ(z¯1 · · · z¯N)e−
∑
i
|zi|2/2. (9)
1D representation of the wave function (9) is
〈s1···sN |Ψ〉 =
(
B
4
)N/4
e−B
∑
i
s2i /2e
− 1
4B
∑
i
(
∂
∂si
)2
Ψ(
√
2Bs1, ···,
√
2BsN ). (10)
For the Laughlin state Ψm(z¯1 · · · z¯N ) = ∏i<j(z¯i − z¯j)m, 1D representation
becomes
〈s1 · · · sN |Ψ〉 = e−B
∑
i
s2
i
/2e
− 1
4B
∑
i
(
∂
∂si
)2 ∏
i<j
(si − sj)m. (11)
Here we neglected a constant normalization factor for simplicity. For m = 1,
as is expected, this is the Slater determinant of the lowest N eigenstates of a
harmonic oscillator.
The 1D representation of Laughlin state (11) has an interesting property.
Momentum representation of (11) is given by the same form
〈t1 · · · tN |Ψ〉 = e−B
∑
i
t2
i
/2e
− 1
4B
∑
i
(
∂
∂ti
)2 ∏
i<j
(ti − tj)m (12)
where 〈s|t〉 = eiBts/√2pi (momentum p is set by pi = Bti.) This duality is
due to rotational invariance of the Laughlin state on disk (circular droplet).
In momentum representation, guiding center coordinate Y is diagonalized
by Y |t〉 = t|t〉 and therefore 1D representation (11) (X is taken as a 1D
coordinate) and (12) (Y is taken as a 1D coordinate) must have the same
form. Here we comment on rotational invariance. Rotation generator for
guiding center coordinates is given by
R =
∑
i
{
B
2
(X2i + Y
2
i )−
1
2
}
, [R,Xi] = −iYi, [R, Yi] = iXi. (13)
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It is easy to prove that
Re−B
∑
i
s2
i
/2e
− 1
4B
∑
i
(
∂
∂si
)2
f(s1, · · ·, sN)
= e−B
∑
i
s2
i
/2e
− 1
4B
∑
i
(
∂
∂si
)2
(
∑
i
si
(
∂
∂si
)
)f(s1, · · ·, sN). (14)
Therefore LLL state e−B
∑
i
s2
i
/2e
− 1
4B
∑
i
(
∂
∂,si
)
2
f(s1, · · ·sN) is rotational invari-
ant if f(s1, · · ·sN) is a homogeneous function of si.
Rewriting (11) by dimensionless parameter s˜ =
√
Bs, no dimensionful
parameter as magnetic field B exists. Long distance behaviour (
√
B|si−sj | =
|s˜i− s˜j | ≫ 1) of the wave function eq.(11) is described by the wave function
(B →∞ limit of (11))
〈s1 · · · sN |Ψ〉 = e−B
∑
i
s2
i
/2
∏
i<j
(si − sj)m. (15)
It is an exact form for m = 1 state (11). This is the well-known groundstate
wave function of 1D integrable model with 1/r2 interaction in harmonic po-
tential (Calogero model);
H =
∑
i
p2i
2
+
∑
i<j
m2 −m
(si − sj)2 +
∑
i
B2s2i
2
. (16)
Short distance behaviour (|s˜i − s˜j| ≪ 1), on the other hand, is described by
the ground state of Calogero model in t-space [9].
Excited states also correspond between QHE and Calogero model in 1D.
Quasi-holes in QHE are constructed by multiplying
∏
i(z¯i− z¯0) on the Laugh-
lin state. Then, in 1D representation, this excited state is constructed by
multiplying
∏
i(
√
2Bsi − z¯0) on the Calogero ground state. Since the quasi-
hole has 1/m fractional statistics and fractional charge independent of the
magnetic field or the shape of the droplet, corresponding excited states in
1D 1/r2 model also have the same fractional statistics and fractional charge.
4 1D representation of cylinder Laughlin state
Next let’s consider 1D representation of Laughlin state on cylinder. Here
we use Landau gauge for convenience A = (By, 0). In this gauge, LLL
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wave functions are written as Ψ(z¯)e−By
2/2. We impose a periodic boundary
condition for x with period Lx. Then an anti-holomorphic part of a LLL wave
function can be written as a linear combination of exp[2piin(x−iy)/Lx] = ωn
where ω ≡ exp[2pii(x− iy)/Lx]. Filling factor ν = 1 state is given by
∏
i<j
(ωi − ωj)e−B
∑
i
y2
i
/2. (17)
Since
∏
i<j(ωi − ωj) is a Slater determinant of (1, ω, ..., ωN−1), there are two
boundaries at y = 0 and y = 2pi(N − 1)/BLx. Laughlin state with filling
factor ν = 1/m can be constructed as
∏
i<j
(ωi − ωj)me−B
∑
i
y2
i
/2. (18)
Note that its short distance behaviour is the same as the disk Laughlin state.
Filled region is expanded by m-times and boundaries are located at y = 0
and y = 2pim(N − 1)/BLx.
Now let’s consider 1D representation of eq.(18). In Landau gauge, eigen-
state of X = x+ i∂y/B in LLL is given by
〈zz¯|s〉 = 1√
2pi
(
B
pi
)1/4
e−Bs
2/2e
√
2Bsz¯−z¯2e−By
2/2. (19)
Since we identify s and s+ Lx, we must sum all s mod Lx;
|s〉 → |s〉per. ≡
∑
n
|s+ nLx〉. (20)
Then 〈zz¯|s〉per. is shown to be under a shift x→ x+ Lx and can be written
as a linear combination of ωn. 1D representation of LLL wave function
〈zz¯|Ψ〉 = Ψ(z¯)e−By2/2 is
〈s|Ψ〉 =
∫
〈s|zz¯〉〈zz¯|Ψ〉d
2z
pi
=
1√
2pi
(
B
pi
)1/4 ∫
e−Bs
2/2e
√
2Bsz− z2
2 e−|z|
2
ez¯
2/2Ψ(z¯)
d2z
pi
=
1√
2pi
(
B
pi
)1/4
e−Bs
2/2e−
1
4B (
∂
∂s)
2
eBs
2
Ψ(
√
2Bs)
6
=
1√
2pi
(
B
pi
)1/4
e−Bs
2/2e−
1
4B (
∂
∂s)
2
eBs
2
2s∂sΨ(
√
B/2s)
=
1√
2pi
(
B
pi
)1/4
g0 e
− 1
2B (
∂
∂s)
2
Ψ(
√
B/2s), (21)
where g0 =
∑∞
n=0(−1/4)n(2n)!/(n!)2. By the replacement z¯ →
√
B/2s, ω
becomes e2piis/Lx and invariant under shift s → s + Lx. Therefore, in the
following, we use |s〉 instead of |s〉per. for notational simplicity. Extending
it to many-particle case, 1D representation of Laughlin state on cylinder is
given by
〈s1 · · · sN |Ψ〉 = e−
1
2B
∑
i
(
∂
∂si
)2 ∏
i<j
(ei2pisi/Lx − ei2pisj/Lx)m. (22)
In B →∞ limit, this wave function reduces to the ground state of Sutherland
model (periodic 1D model with 1/ sin2(pi(si − sj)/Lx) interaction) [10];∏
i<j
(ei2pisi/Lx − ei2pisj/Lx)m. (23)
For m = 1,
∑
i(∂i)
2 becomes a constant and this is exact. In strong magnetic
field limit, the width of cylinder Laughlin state δy = 2pi(N − 1)m/BLx
becomes infinitesimal. In disk case, Laughlin state is reduced to 1D system
in harmonic potential. But Laughlin state on cylinder is reduced to 1D
system without external potential. This is due to the difference in shape of
the droplet on two-dimensional phase space.
Now let’s study the momentum representation, or Y -diagonalized rep-
resentation of (21). Set |t〉 by 〈s|t〉 = eiBts/√2pi as before. Then Fourier-
transformation of (21) gives
〈t|Ψ〉 = 1√
2piB
(
B
pi
)1/4
e−Bt
2/2e−
1
4B (
∂
∂t)
2
e−Bt
2
Ψ(−i
√
2Bt). (24)
To derive it, we used the second form of eq. (21). Rewriting (24), it becomes
〈t|Ψ〉 = 1√
2piB
(
B
pi
)1/4
g0 e
− 1
2B (
∂
∂t)
2
e−Bt
2/2Ψ(−i
√
B/2t). (25)
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By the replacement z¯ → −i
√
B/2t, ω = exp[2pii/Lx(x−iy)] becomes exp(2pit/Lx).
Therefore, Laughlin state on cylinder (18) has the following t-representaion;
〈t1 · · · tN |Ψ〉 = e−
1
2B
∑
i
(
∂
∂ti
)
2
e−B
∑
i
t2
i
/2
∏
i<j
(e2piti/Lx − e2pitj/Lx)m
∝ e−
1
2B
∑
i
(
∂
∂ti
)2
e−B
∑
i
(ti−t0)2/2∏
i<j
(sinh pi(ti − tj)/Lx)m,
(26)
where t0 ≡ m(N − 1)pi/BLx. In large B limit, this becomes
e−B
∑
i
(ti−t0)2/2∏
i<j
(sinh pi(ti − tj)/Lx)m. (27)
Note that t0 is the center of the two boundaries ( at Y = 0 and Y = 2pim(N−
1)/BLx ) of the cylinder Laughlin droplet.
5 Conclusion
In this letter, we presented an explicit relation between Laughlin state and
one-dimensional integrable model with 1/r2 interaction. In one-dimensional
representation of lowest Landau level wave functions, Laughlin state can be
written as a one-parameter deformation of the ground state of 1D model
1/r2 model. Different types of 1D models are derived (1/r2, 1/ sin2 r and
1/ sinh2 r) corresponding to Laughlin state on different geometries. The de-
formation parameter is magnetic field B.
Finally we list some topics which we will discuss in separate papers [11].
(1) Laughlin state on torus and its 1D model
(2) W1+∞ algebra in QHE and 1D 1/r2 model
(3) extension to hierarchy and SU(N) generalization of 1D model
(4) Tomonaga-Luttinger liquid behaviour of Laughlin state and relation with
edge state
(5) X-Y duality in two-dimensions and duality of long-distance and short
distance physics in one-dimension.
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